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ABSTRACT

Protostellar jets and outflows are pointers of star-formation and serve as important
sources of momentum and energy transfer to the interstellar medium. Radio emission
from ionized jets have been detected towards a number of protostellar objects. In
few cases, negative spectral indices and polarized emission have also been observed
suggesting the presence of synchrotron emission from relativistic electrons. In this
work, we develop a numerical model that incorporates both thermal free-free and
non-thermal synchrotron emission mechanisms in the jet geometry. The flux densities
include contribution from an inner thermal jet, and a combination of emission from
thermal and non-thermal distributions along the edges and extremities, where the jet
interacts with the interstellar medium. We also include the effect of varying ionization
fraction laterally across the jet. An investigation of radio emission and spectra along
the jet shows the dependence of the emission process and optical depth along the line
of sight. We explore the effect of various parameters on the turnover frequencies and
the radio spectral indices (between 10 MHz and 300 GHz) associated with them.

Key words: stars: formation – radiation mechanisms: non-thermal – methods: nu-
merical – stars: jets

1 INTRODUCTION

Jets are the consequence of accretion of material in a
rotating system. From ultra-relativistic/relativistic jets in
high energy astrophysical phenomena (Mirabel & Rodŕıguez
1999; Blandford et al. 2019) to non-relativistic jets in pro-
tostars (Lee et al. 2007; Reipurth et al. 2004) and brown
dwarfs (Whelan et al. 2009; Palau et al. 2014), jets assist
in accretion by carrying away excess angular momentum
(Blandford & Payne 1982; Pudritz & Norman 1983). Jets
serve as an important tool in the study of early stages of
stellar birth, because newly forming stars are embedded in
large clouds of gas and dust making them observationally
challenging to probe. However, jets and the gas that they
entrain in the form of outflows are easier to detect because of
their kinematic signatures. Protostellar jets represent a sig-
nificant signpost of ongoing star formation (Felli et al. 2006)
as they influence the surrounding interstellar medium (ISM)
by the transfer of momentum and energy. Protostellar jets
can either augment or retard the star-formation occurring in
their vicinity (Li & Nakamura 2006; Nakamura & Li 2007;
Shimajiri et al. 2008).

Although the jet launching mechanism is still de-
bated, jets are believed to be closely linked to the mag-
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netic field structure of the associated protostellar sys-
tem. The collimation of jets is achieved by the confin-
ing pressure of toroidal component of helical magnetic
fields (Livio 1997; Meier et al. 2001) that has been es-
tablished by various hydromagnetic and magnetohydrody-
namic simulations (Lovelace et al. 1987; Ustyugova et al.
1995; Cerqueira & de Gouveia Dal Pino 2001; Zanni et al.
2004; Bellan et al. 2005). Observationally, the presence of
magnetic field in protostellar jets have been investigated
using methods such as spectro-polarimeteric observations
(Donati et al. 2010), and mapping of spectral line polariza-
tion (Lee et al. 2018), to name a few. The presence of syn-
chrotron emission can also be used to gauge the direction
and strength of magnetic field. It is interesting to note that
theories predict similar morphologies for jet magnetic fields,
irrespective of whether they are of protostellar or AGN ori-
gin (Koenigl 1986; Livio 2000). Sensitive observations have
recently revealed not only the presence of polarized emission
confirming synchrotron emission towards a massive proto-
stellar jet (Carrasco-González et al. 2010), but also the co-
location of synchrotron emission along the edges and ter-
mination points of the jet, where the interaction of strong
shocks against the ambient medium is likely to produce
efficient particle acceleration (Rodŕıguez-Kamenetzky et al.
2017).

The theory of synchrotron emission from high energy
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phenomena related to extra-galactic jets is well-established
(Reynolds 1982; Biermann & Strittmatter 1987; Sari et al.
1998) because of the large volume of observational evidence
that is available (Harris & Krawczynski 2006; Dhawan et al.
2000; Wijers & Galama 1999). However, there is lack of clar-
ity regarding the origin of synchrotron emission from proto-
stellar jets. This is mainly owing to the fact that there are
fewer detections of synchrotron emission from protostellar
jets, which in turn is related to their lower energies. The best
studied case is that of protostellar jet HH 80-81 from a mas-
sive protostar which is one of the most collimated jets in our
Galaxy (Carrasco-González et al. 2010). High frequency ob-
servations of this jet have revealed negative spectral indices
in the jet and associated knots (Rodŕıguez & Reipurth 1989;
Curiel et al. 1993; Marti et al. 1993), and low frequency
radio observations made it easier to detect non-thermal
emission (Vig et al. 2018). Among the lower mass counter-
parts, DG-Tau stands out in terms of non-thermal emission
from protostellar jet and observations across a range of ra-
dio frequencies (Ainsworth et al. 2014; Purser et al. 2018;
Feeney-Johansson et al. 2019).

A review of literature shows that the radio spectral in-
dices from protostellar jets are usually modeled as thermal
free-free emission or synchrotron emission or a combina-
tion of both using simplistic considerations of uniform elec-
tron density, temperature, etc (Rodŕıguez 2011; Purser et al.
2016; Anglada et al. 2018). We are interested in constructing
a model of the radio jet that can encompass both the ther-
mal as well as non-thermal emission as a function of various
parameters such as the opening angle, density and ionization
fraction across the jet. For thermal jets, the most widely em-
ployed model is that of Reynolds (1986), hereafter Reynolds
model, which analytically calculates the radio emission and
spectral indices using thermal free-free emission for various
jet geometries. The model developed in the current work
involves a more general geometry with additional improve-
ments, described in the next section. The motivation is to
comprehend the nature of emission mechanism from a pro-
tostellar jet through radio spectral indices in a more realistic
scenario than what is generally assumed.

The organization of the paper is as follows. In Sect. 2, we
introduce our model and describe the model geometry. This
is followed by a discussion of the radio emission mechanisms
considered in the model and the associated model spectra
in Sect. 3. The lateral variation of the ionization fraction
introduced in our model is presented in Sect. 4. The effects
of various model parameters on the radio spectra are inves-
tigated in Sect. 5. Finally, we present a short summary in
Sect. 6.

2 THE MODEL

In order to simulate the spectrum of a protostellar jet, we
formulate a model to explain the observed radio spectral in-
dices using thermal and non-thermal emission mechanisms.
The Reynolds model incorporated free-free emission from
a highly collimated ionized thermal jet i.e. small opening
angles are assumed. In addition, the flux densities are cal-
culated under the assumption that the jet is optically thick
(τ >> 1) towards the base and optically thin (τ << 1) at
farther radial distances. In other words, the Reynolds model

s1(y)s2(y)

w

ra

w0

i

y

r0

Observer

ymax

y = 0

y0
i

yLOSmax

Rjet

Figure 1. Schematic diagram of a jet with constant opening an-
gle, following the schematic of Reynolds (1986). The unshaded jet
region represents the inner (near the jet-axis) fully thermal jet.
The shaded area represents the geometrically thin region with
shocked material that contributes to a combination of thermal
and non-thermal emission. The projected distance corresponding
to the jet injection radius is marked as y0.

assumes that the total flux density at a given frequency from
the full length of the jet is the sum of fully optically thin
and fully optically thick flux densities at that frequency. The
significant improvements of our model over the Reynolds
model, include the following.

(i) We incorporate a more general geometry and do not
assume small opening angle for the jet.

(ii) A significant addition is the inclusion of non-thermal
synchrotron emission. In order to incorporate this, we take
insights from observations of protostellar jets where the syn-
chrotron emission is observed from the edges and termina-
tion regions of the jet (Rodŕıguez-Kamenetzky et al. 2017,
2016).

(iii) We have also introduced the lateral variation of ion-
ization fraction across the jet cross-section. At any given
length, the jet has maximum ionization fraction along the
long central-axis and the fraction of ionized gas decreases
with distance from the axis outwards to the cross-sectional
edge.

(iv) We have accommodated intermediate optical depth
values corresponding to intermediate radial distances.

Our model has a two-fold application. This can be em-
ployed to model radio emission from (i) thermal jets at
smaller distances (i.e r0 ! 10 au), as well as (ii) knots ob-
served farther away from Young Stellar Objects (YSOs). We
bring to attention the fact that our model does not include
the effects of dust emission and for higher radio frequencies
(! 50 GHz), this contribution may need to be included.

2.1 Jet description and geometry

The geometry and orientation of the jet with respect to the
observer is shown in Fig. 1. We assume the injection of jet at
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radius r0, with an opening angle θ0, and having a half-width
w0 at r0. r0 represents the distance from the central source
where the jet is sufficiently ionized for free-free emission to
be detectable. In addition, a thin outer shell (shaded region
in Fig. 1) of material that emits a combination of thermal
free-free and non-thermal synchrotron emission is incorpo-
rated. In our calculations we assume that for any point con-
sidered within the jet, the distance from that point to the
central star is given by r and the points with the same r are
located on a spherical surface, centered on the star. For each
of the points along a given LOS, the radial distances from
the star are different. The maximum length of the jet as
measured along the axis is Rjet. The jet is inclined at an an-
gle i with respect to the line-of-sight (LOS) direction of the
observer. The jet model shown in the figure and discussed
throughout this paper considers a single lobe of a bipolar jet
that is blue-shifted. The analysis and results are similar for
the red-lobe.

We define the radial distance measured along the axis
of the jet as ra. The length of the jet projected in the plane
of the sky, y, and the half-width of the jet (w) at any radial
distance ra, are given by the following relations.

y = ra sin i (1)

w(y) = w0

(

ra
r0

)ε

= w0

(

y
y0

)ε

(2)

For a given y, in addition to w, another important
parameter is the LOS jet cross-section. In Fig. 1, S =
s1(y) + s2(y) represents the LOS cross-section across the
center of a jet. As evident from the figure, s1(y) and s2(y)
represent the widths of the jet on the front and rear side
of the jet long axis (with respect to the observer), respec-
tively. The dotted line in the figure shows the maximum
LOS distance to the observer through the jet material, per-
pendicular to the sky plane. This means that the column of
jet material contributing to the emission is the maximum at
the projected distance yLOSmax . The length ymax shown in
the figure corresponds to the farthest tip of the projected
jet, and is given by the following equation.

ymax = Yjet + w(Yjet) cos i (3)

where, Yjet = Rjet sin i. The jet geometry is dictated by the
nature of evolution of the jet width w with the jet-axis radial
distance ra from the injection distance r0. This is determined
by the power-law index ε defined in Eqn. (2). For instance,
ε = 1 represents the case of a conical jet with a constant
opening angle, and ε = 0 would imply a constant width
throughout the jet, suggesting a highly collimated nature of
the jet. Values with ε > 1 would lead to increase in opening
angle with radial distance.

To understand the effect of ε on the jet collimation, we
consider the variation of jet opening angle (θ) as a function
of jet-axis radial distance ra for different values of ε. This is
given by the following expression.

tan (θ/2) =
w
ra

=
wo

ra

(

ra
r0

)ε

= tan (θ0/2)

(

y
y0

)ε−1

(4)

We consider a protostellar jet with r0 = 10 au, which is
reasonable since high resolution observations have probed

Figure 2. Jet opening angle, θ, as a function of power-law index
of jet width (ε) and jet-axis radial distance (ra).

jets very close to the exciting source (Lee et al. 2017;
Bjerkeli et al. 2019; Greenhill et al. 1998; Launhardt et al.
2009; Matthews et al. 2010). Further, we assume Rjet =
1000 au measured along the axis and inclination i = 90◦.
The jet collimation as a function of ε along the jet-axis ra-
dial distance ra is displayed in Fig. 2. It can be seen that
negative values of ε imply the contraction of jet width at
outer radial distances i.e. to higher values of y. The coni-
cal case of constant opening angle for ε = 1 can be clearly
visualized.

3 EMISSION FROM THE MODEL JET

3.1 Free-Free emission

We first present a description of the calculations involved in
the free-free emission model. We have already introduced the
initial jet injection radius r0, initial jet half-width w0 and
the opening angle θ0. The other physical quantities such as
jet velocity (v), temperature (T ), electron number density in
the jet material (n) and ionization fraction (x) have radial
power-law indices given by qv, qT , qn and qx, respectively.
Note that qv is related to qn by the mass conservation equa-
tion.

qv + qn + 2ε = 0 (5)

The free-free emission and absorption coefficients are given
by the following expressions.

jffν = aj n
2 x2 T−0.35 ν−0.1 (6)

αff
ν = ak n

2 x2 T−1.35 ν−2.1 (7)

Here, aj = 6.50 × 10−38 ergs cm3 Hz−0.9 K0.35 s−1 sr−1

and ak = 0.212 cm5 K1.35 Hz2.1 are the proportionality con-
stants of emission and absorption coefficients, respectively,
in cgs units. From Eqns. (6) and (7), it is evident that jffν

and αff
ν are functions of number density and temperature.

Therefore, a radially varying density or temperature profile
results in a variation of emission and absorption coefficients

MNRAS 000, 1–?? ()
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Figure 3. Comparison of thermal free-free spectrum calculated
analytically (Reynolds, 1986) with that calculated numerically for
a jet at a distance of 1 kpc. The parameters of the jet are n0 =
5× 107 cm−3, x0 = 0.2, qn = -2, qx = 0, r0 = 10 au, θ0 = 30◦, ε
= 1, i = 60◦, T0 = 104 K, qT= 0, ymax = 1000 au, see text for
more details. A lower n0 of 106 cm−3 results in a fully optically
thin jet shown in cyan (scaled up by a factor of 2500).

along a LOS. Assuming a LOS variable s, the source func-

tion of the jet material is given by
jff
ν (s)

αff
ν (s)

. The flux density

from a LOS of the jet that subtends an incremental solid
angle dΩ at the observer’s location, is given by the following
expression.

Sν =

∫ ymax

y0

dΩ

∫ τν

0

jffν (s)

αff
ν (s)

(e−(τff
ν −τ(s))) dτ (8)

Here, τ ff
ν =

∫

αν(s) ds and τ (s) are the total LOS optical
depth and the optical depth corresponding to any s along
a LOS, respectively. The second integral in Eqn. (8) incor-
porates the radial dependence of physical parameters in the
volume element along a LOS. This model accommodates a
large opening angle in contrast with the Reynolds model
which deals with narrow jets and to allow for this, we in-
tegrate at each location along the width of the jet (on the
plane of the sky). This implies an integration along the LOS
of S which is maximum along the jet axis to zero at the
edges.

The integration over y is carried out to estimate the
flux density from the entire length of the jet.

Sν =

∫ ymax

y0

∫ w(y)

0

2 dw dy
d2

aj

ak
ν2

∫ τν

0

T (s)(e−(τff
ν −τ(s))) dτ

(9)

Here, ymax is the full extent of the jet. For low values of
base density, n0, the jet can be optically thin throughout its
extent.

An additional consideration that we include is the effect
of inclination on the thickness of the jet. The inclination
of the jet with respect to the sky plane will give rise to
the jet having unequal LOS distances on front (s1(y)) and
rear (s2(y)) sides of the long central jet axis. Thus the total
LOS is S = s1(y) + s2(y) (as shown in Fig. 1), rather than
2w/ sin i as assumed in the Reynolds model. For any y, s1(y)

and s2(y) can be calculated from the jet geometry as follows
(see Appendix A for details).

s1(y) = w(y)
cos (θ/2)

sin (i− θ/2)
, s2(y) = w(y)

cos (θ/2)
sin (i+ θ/2)

(10)

Note that these equations correspond to a specific case of a
jet with constant opening angle, displayed in Fig. 1. In gen-
eral, at a particular y for a jet with any ε, these distances
s1(y) and s2(y) can be calculated directly from the jet ge-
ometry using θ1(y) and θ2(y), respectively, which are the jet
opening angles corresponding to s1(y) and s2(y) as shown
in Fig. A1 in Appendix A.

The total flux density is calculated by taking this geo-
metrical factor into consideration. The radio spectrum of the
current model which incorporates intermediate ranges of op-
tical depth is compared with that generated using Reynolds
model. These are displayed in Fig. 3. The model parameters
used to generate the spectra are r0 = 10 au, opening angle
θ0 = 30◦, a typical jet base density n0 = 5×107 cm−3 which
is estimated by the interpolation of typical values found
in literature (Marti et al. 1995; Bacciotti & Eislöffel 1999)
with a power-law index of qn = -2. The ionization fraction
at the base of jet is x0 = 0.2 (Bacciotti & Eislöffel 1999),
temperature at base of jet is T0 = 104 K, constant opening
angle ε = 1, the jet is isothermal qT = 0, constant ionization
fraction qx = 0, extent of the jet ymax = 1000 au, for incli-
nation i = 60◦, at a distance d = 1 kpc. The frequency νm
(35.8 GHz, blue curve) in the figure represents the turnover
frequency where the full jet becomes optically thin (τ ≤ 1).
Hence, for frequencies below νm, the spectral index is +0.6
as expected and above νm, the spectral index is −0.1 which
is characteristic of optically thin free-free emission. In ad-
dition to this, we have calculated the spectrum of a fully
optically thin jet (cyan), which is attained at lower num-
ber densities, n0 = 106 cm−3, with the other parameters
remaining the same. In the figure, for the purpose of com-
parison, the resulting flux densities for this case are scaled
up by a factor of 2500, as the flux density is proportional to
the square of number density. We have also compared with
a model that is identical to the Reynolds model but includes
the intermediate optical depth effects (green), i.e. geometric
generalization is not included. As expected, we find a flux
difference of 11 − 13% (Anglada et al. 2018). The spectra
in Fig. 3 show a single turnover in the frequency range of
interest. However, in general, a thermal jet could exhibit
two turnover frequencies which separates a low frequency
regime having a spectral index of +2 (fully optically thick),
an intermediate frequency regime with spectral index close
to +0.6 (part of the jet is optically thick and part is opti-
cally thin) depending on the geometrical parameters, and a
high frequency regime with a spectral index of −0.1 (fully
optically thin). The high frequency turnover is dictated by
the ionized density at r0, while the low frequency turnover
depends on the density close to yLOSmax .

For our numerical model, the overall behavior is sim-
ilar to the spectrum from Reynolds model. However, the
Reynolds approximation is an overestimate by 24− 32%, as
expected. There are two factors that contribute to this dis-
crepancy, which are as follows: (i) geometrical effects due to
the large opening angle, and (ii) effect of intermediate opti-
cal depths. In our model each slice of the jet at any y has
an elliptical or circular cross-section depending on the jet

MNRAS 000, 1–?? ()



Radio spectra of protostellar jets 5

w0

y

r0

Observer

1 2 3

Figure 4. Schematic diagram of the jet representing the differ-
ent layers of particle distribution along a particular LOS at y.
Regions 1 and 3 give rise to a combination of thermal and non-
thermal emission, while Region 2 solely contributes to thermal
emission.

inclination. In Reynolds model, on the other hand, a simi-
lar slice of the jet has rectangular cross-section. Due to the
accommodation of larger opening angles in our model, the
calculation of radial variation of the parameters are consid-
ered for a given LOS whereas the same has been ignored
in the Reynolds model. The secondary factor for the differ-
ence in flux density is due to the inclusion of intermediate
optical depths in the flux density estimation. The effect of
intermediate optical depths is visible from the figure, where
our model shows a relatively gradual turnover unlike the
Reynolds case.

3.2 Combination of Free-Free and Synchrotron

emission

It has been observed that few protostellar jets display nega-
tive spectral indices steeper than −0.1 across radio frequen-
cies (Marti et al. 1993; Curiel et al. 1993; Garay et al. 1996;
Wilner et al. 1999; Rodŕıguez-Kamenetzky et al. 2016;
Purser et al. 2016; Vig et al. 2018) indicating the presence of
synchrotron emission. In few cases, towards higher frequen-
cies, the spectral indices are flatter than what is expected
from synchrotron emission (Vig et al. 2018; Marti et al.
1993) suggesting the existence of non-thermal synchrotron
emission along with thermal free-free emission. The gener-
ation of relativistic electrons that are accelerated back and
forth at the shocks in the presence of magnetic field pro-
vides suitable conditions for the generation of synchrotron
radiation (Fermi 1949; Blandford & Eichler 1987).

Following the confirmation of synchrotron emis-
sion through polarized emission towards HH 80-
81 by Carrasco-González et al. (2010), high res-
olution radio imaging and spectral index anal-
yses by Rodŕıguez-Kamenetzky et al. (2017) and
Rodŕıguez-Kamenetzky et al. (2016) have revealed that
non-thermal emission is produced at the edges of the jet.

Motivated by this, we explore the possibility of combining
thermal and non-thermal emission from protostellar jets
and we model it using this consideration.

We have already discussed the case of thermal free-free
emission in Sect. 3.1, hence we discuss the case of syn-
chrotron emission here. For a relativistic electron of mass
m and charge e, traveling at velocity &v in a magnetic field
&B, a Lorentz force &v × &B is exerted on the electron. This
force accelerates the electron resulting in a radiative power
loss which in turn depends on the electron energy and mag-
netic field strength. For a relativistic electron emitting syn-
chrotron radiation at a characteristic frequency of νpk, the
corresponding Lorentz factor γpk is given by the following
equation (Rybicki & Lightman 2008).

γpk =

√

4πmc νpk
3 eB

(11)

This assumes an equi-partition of total energy into energy of
relativistic electrons and energy due to the magnetic field (of
magnitude B) in the shocked plasma in order to achieve a
condition of minimum energy state (Govoni & Feretti 2004;
Pacholczyk 1970). We consider a population of relativistic
electrons in the shocked region, having a power-law number
density distribution with an index p in energy space, or the
equivalent γ-space where γ is the Lorentz factor. The kinetic
energy E of the electrons is related to their Lorentz factor
as E = γmc2.

The number density of relativistic electrons, n(γ)dγ be-
tween γ and γ+dγ is, therefore, given by the following equa-
tion.

n(γ) dγ = nk γ
−p dγ (12)

Here nk represents the proportionality constant for the num-
ber density of electrons in γ-space. For the given distribu-
tion of electrons, the synchrotron emission coefficient, jsynν ,
is given by the following expression (Rybicki & Lightman
2008).

jsynν =
1
4π

√
3 e3 nk B sinαpa

2πmc2 (1 + p)
Γ

(

p
4
+

19
12

)

Γ

(

p
4
− 1

12

)

×
(

2π νmc
3eB sinαpa

)

−(p−1)/2

(13)

Here Γ(x) is the gamma function for an argument x and
αpa, termed as pitch angle, is the angle between the mag-
netic field and the velocity of electrons accelerated in the
field. The synchrotron emission spectrum peaks at a critical
frequency (νpk) which corresponds to the turnover frequency
at which the electrons emit the maximum power.

It is also possible for the same population of relativistic
electrons to absorb the synchrotron emission. This is ex-
pressed through the absorption coefficient, αsyn

ν , which is
given by the following expression.

αsyn
ν =

√
3e3

8πm

(

3e
2πm3c5

)p/2

nk (B sinαpa)
(p+2)/2 Γ

(

3p + 2
12

)

× Γ

(

3p+ 22
12

)

ν−(p+4)/2

(14)
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Figure 5. The spectra of jet models which incorporate both free-
free and synchrotron emission. The parameters of the jet models
are n0 = 500 cm−3, qn = -2, T0 = 104 K, r0 = 3000 au, θ0 = 30◦,
x0 = 0.2, ymax = 4500 au, ε = 1, i = 60◦ and d = 1 kpc. The
synchrotron radiation is assumed to be generated from a shell
of thickness 0.5◦ having an electron distribution with p = 2.3
accelerated in a #B field of 0.3mG, generating ηrele = 10−5 in
both the cases shown. The power-law index of radial variation in
ionization fraction qx = -0.5. The power-law index of the lateral
variation in ionization fraction is represented as q′x; two cases of
which are shown in the plot.

We assume an isotropic distribution of electron velocities.
Therefore, the average of terms involving sin(αpa) over all di-
rections around the field is of the order of unity in Eqns. (13)
and (14). The absorption coefficient is used to determine the
optical depth, and the frequency where the synchrotron op-
tical depth τsyn = 1 defines the self-absorption frequency
(νa). This is determined by the microscopic parameters and
the power-law index p. Depending on the parameters of
the jet, νa can lie on either side of νpk. Another feature
of the spectrum is that, as the system ages, the energy of
the electrons reduces due to radiative losses, resulting in
lowering of Lorentz factors of the emitting electrons. With
time, electrons with higher energies lose their energy faster,
also known as spectral aging. Consequently, the higher en-
ergy tail of the spectrum breaks at a frequency (cooling fre-
quency, νc) where the cooling of those electrons becomes
dominant. Thus, νc can be taken to be the upper frequency
limit for our analysis as it is relatively large νc = 100 GHz
(Govoni & Feretti 2004).

For a distribution of electrons of density n(γ) emitting
between frequencies νpk and νc, the constant nk in Eqn. (12)
can be estimated by integrating n(γ)dγ from γpk to γc. This
results in the following expression.

nk =
n (p− 1)

γ−(p−1)
pk

(15)

The calculation of the synchrotron spectrum is given
in Appendix B. We note that for a given distribution of
electrons of constant number density, the spectral indices
(β) across the spectrum due to synchrotron emission varies
as follows:

For νa < νpk :

ν < νa, β = 2
νa < ν < νpk, β = 1/3
νpk < ν < νc, β = −(p− 1)/2
ν > νc, β = −p/2

For νa > νpk :
ν < νpk, β = 2
νpk < ν < νa, β = 5/2
νa < ν < νc, β = −(p− 1)/2
ν > νc, β = −p/2

In our model we do not encounter a case of νa < νpk due
to the energies involved, hence we ignore this part of the
spectrum calculation for the present.

Armed with the knowledge about both, the free-free and
synchrotron emission mechanisms discussed so far, we pro-
ceed towards the methods by which these mechanisms can be
incorporated in the geometry to find the radio flux densities
generated by the jet. For a given LOS, we can divide the jet
into three regions as shown in Fig. 4. Regions 1 and 3 (also
R1 and R3) represent the outer shocked material which are
the front and rear layers, respectively, while viewing along
S. These regions contribute to the flux densities through (i)
synchrotron radiation emitted by a fraction of electrons that
are relativistic (ηrel

e ), and (ii) free-free emission from the rest
of the non-relativistic fraction of electrons. The lateral vari-
ation in ionization fraction which is introduced in Sect. 4 are
incorporated here in all the three regions R1, R2 and R3.
As the distributions of populations generating (i) and (ii)
are independent in a given volume, the overall emission and
absorption coefficients for the combination of the processes
are given by the individual sums of the coefficients of the
two processes. These are given by the following expressions.

jff+syn
ν (s, y) = jffν (s, y) + jsynν (s, y) (16)

αff+syn
ν (s, y) = αff

ν (s, y) + αsyn
ν (s, y) (17)

Region 2 (also R2) is the inner highly ionized jet (near
the jet-axis) which solely emits free-free radiation, and there-
fore has emission and absorption coefficients jffν and αff

ν , as
discussed earlier. Hence a LOS along S intersects with differ-
ent particle distributions and the intensities contributed by
each of these regions for a given y are given by the following
expressions.

Iff+syn
ν,R1 =

∫ τff+syn
ν,R1

0

jff+syn
ν,R1

αff+syn
ν,R1

e−(τff+syn
ν,R1

−τ) dτ (18)

Iffν,R2 =

∫ τff
ν,R2

0

jffν,R2

αff
ν,R2

e−(τff
ν,R2

−τ) dτ (19)

Iff+syn
ν,R3 =

∫ τff+syn
ν,R3

0

jff+syn
ν,R3

αff+syn
ν,R3

e−(τff+syn
ν,R3

−τ) dτ (20)

Here, Iν,Rn and τν,Rn represent the total intensity and
optical depth for each region given by subscript n, where
n = 1, 2, 3. Note that the limits of the integration are de-
pendent on the region under consideration and the projected
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Radio spectra of protostellar jets 7

length y. The total radiation intensity from a LOS at y can
be calculated by adding the contribution of each of these
regions after considering absorption from the layers in front
of it. This is given as follows.

Iν(y) = Iff+syn
ν,R1 e−(τff

R2
+ τff+syn

R3
) + Iffν,R2 e

−τff+syn
R3 + Iff+syn

ν,R3

(21)

The above intensity is integrated along the width (in the sky
plane) and the projected length of the jet to give the total
flux density emitted by the jet.

Sν =

∫ ymax

y0

∫ w(y)

0

2 dw dy
d2

Iν(y) (22)

It should be noted that Iν(y) ≡ Iν(w, y). This is because
so far we have discussed only about the LOS which crosses
the main axis of the jet but, the LOS through the jet de-
creases as one moves from the axis along the width of the
jet in the plane of the sky. This discussion can be found
in Appendix C. In addition to the inner region and outer
shell, we also consider the interaction of the jet with the
ambient medium at the terminal region and for simplicity
assume a flat thin interaction region instead of bow-shock
like curvature seen towards terminal edges of many jets and
HH objects. This region produces synchrotron emission, in
addition to thermal emission. The LOS through the extreme
end of the jet, therefore, gradually tapers down due to its
inclination with respect to the plane of the sky. Hence, at
the extreme top end of the jet, only the shocked region con-
tributes to the total flux, identical to R1 and R3.

An example of a jet spectrum with thermal and non-
thermal emission is shown by the solid black curve in Fig. 5.
Here, we have assumed the jet to have a constant opening
angle of θ0 = 30◦, of which the outer region δθ = 0.5◦ con-
tributes to the synchrotron emission, and for this we have
taken ηrel

e = 10−5. Due to episodic ejection of materials by
the driving source, jets are usually observed as knots/lobes.
Since non-thermal emission is seen in jet knots which are ob-
served to be farther away from the central source, we have
assumed an r0 = 3000 au and the size of the lobe to be
800 au. We have considered an electron distribution with
p = 2.3 accelerated in a &B field of 0.3 mG. The base num-
ber density is taken as n0 = 500 cm−3 with number density
falling off as r−2, and the jet is isothermal with a temper-
ature T = 104 K. The ionization fraction at the jet base
x0 = 0.2 with its radial variation given by qx = −0.5. We
have considered a value of νpk = 10 MHz and νc = 100 GHz.
The other parameters are the same as those used earlier to
generate the free-free emission in Fig. 3. The radio spec-
trum seen in Fig. 5 (solid black curve) displays dominant
synchrotron contribution, with a turnover at νt = 1.4 GHz.
This turnover represents the frequency at which the flux
density is maximum and is a sort of average over the entire
jet, determined by the combined properties of free-free and
synchrotron emission. The spectral indices are +2.5 below
νt, and −0.64 above νt. There is a break in the spectrum
at higher frequency that occurs at νc, corresponding to the
synchrotron cooling frequency as discussed earlier.

In general, one could encounter different types of
turnovers in a spectrum that incorporates both thermal free-
free and synchrotron emission. In frequency ranges where
either thermal or non-thermal emission mechanism domi-

y
y'

w'(y')
s

w(y')

Figure 6. Schematic diagram of the jet representing the distance
of any point s along the LOS from the long axis [w′(y′)], and the
corresponding jet width [w(y′)].

nates, there could be frequency turnovers corresponding to
a fully optically thick jet to a regime where part of the jet is
optically thick and the rest is optically thin (change of spec-
tral index from 2 to ∼0.6), from this regime to a fully thin
thermal jet (∼0.6 to -0.1), and from optically thick to thin
regime for the non-thermal emission (2.5 to -0.6). In addi-
tion, the combination of the thermal and non-thermal con-
tributions can result in more turnovers depending on the fre-
quency sub-ranges in which alternate emission mechanisms
dominate. This could include the transition from fully op-
tically thick thermal emission to optically thin non-thermal
emission (2 to -0.6), from fully optically thick thermal emis-
sion to optically thick non-thermal emission (2 to 2.5), from
optically thick non-thermal emission to a regime where a
part of the jet is optically thick and part is optically thin
thermal emission (2.5 to ∼0.6), from optically thin non-
thermal emission to fully thin thermal emission (-0.6 to -
0.1), etc. It is important to bear in mind that the above
mentioned spectral indices are indicative and the exact val-
ues will depend on the relative contributions of the emission
from the two mechanisms.

4 LATERAL VARIATION OF IONIZATION

FRACTION

The ionization fraction or the degree of ionization plays
an important role in quantifying the coupling of the gas
to the magnetic field. The distribution of ionized gas in
the jet is important as theories predict that the centrifu-
gal launch of jet occurs along the magnetic field lines
(Goodson & Winglee 1999; Zanni 2014).

Observationally, studies of ionized jets from massive
YSOs have indicated ionization fraction to be typically
2 − 15% with the maximum value measured to be upto
40% (Nisini et al. 2005; Bacciotti 2002; Bacciotti & Eislöffel
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Figure 7. [Left] The flux density distribution (combined free-free and synchrotron) as a function of frequency (ν) and projected length
of the jet (y) plotted in logarithmic space. At each y along the jet, the flux densities are calculated for segments with width equal to
the width of the jet, and ∆y = 3 au. The black curve represents the variation of the turnover frequency νt where emission is maximum.
l1, l2 and l3 marked in white are three different positions along y, whose spectra are shown in [right]. The jet model parameters n0 =
108 cm−3, r0 = 10 au, ymax = 1000 au, qx = q′x = 0; the remaining paramaters are same as in Fig. 5.

1999; Giannini et al. 2013; Obonyo et al. 2019). In addition,
it has been observed that ionization fractions decrease with
radial distance away from the central source as expected
(Fedriani et al. 2019), lending credence to the introduction
of the parameter qx in the models, which has the following
form.

xa(r) = x0

(

ra
r0

)qx

⇒ xa(y) = x0

(

y
y0

)qx

(23)

Here, the subscript a implies that it is axial and x0 repre-
sents the base ionization fraction at r0.

The model discussed so far allows for a variation of
ionization fraction along the radial direction only, through
qx. We believe it is realistic to also incorporate an ioniza-
tion fraction that decreases across the jet cross-section, away
from the central long axis towards the edge of the jet. This is
expected because theories predict a decrease in the velocity
structure laterally across jets (Machida 2014). This suggests
that the inner regions of the jet would be highly ionized and
the ionization fraction decreases to 0 towards the lateral
edges. The presence of synchrotron emission from shocks at
the edges of jets is another inducement for introducing the
lateral variation in ionization fraction as it has been found
from line ratios investigated in shocks from jets that the ion-
ization fractions are found to be relatively low, ∼ 1 − 10%
(Hartigan et al. 1994; Bacciotti et al. 1995; Dionatos et al.
2010).

In order to establish the effect of ionization fraction
across the lateral direction of the jet, we consider the fol-
lowing modifications to the equations discussed in Sect. 3.1
and 3.2. The variation of ionization fraction across a given

LOS of the jet can be introduced through a power-law with
index q′x as follows.

x(s) = xa(y
′)

[

w(y′)
w(y′)− w′(y′)

]q′x

(24)

Here, y′ is a function of s, xa(y
′) is the ionization fraction

along the long axis of the jet at y′, w′(y′) represents the
shortest distance of any point s along a given LOS, from the
central long axis of the jet, while w(y′) is the half-width of
the jet that intersects the point s, shown schematically for
clarity in Fig. 6. We consider q′x ≤ 0 as ionization diminishes
towards the edges. For a jet with qx = 0 and q′x = 0 we take
x(s) = 1 throughout, even though a singularity appears at
the outer edges, i.e. at w = w′.

These modifications are incorporated to calculate the
number density of electrons in Regions 1, 2 and 3, and more
details are presented in Appendix C. The new spectrum gen-
erated with q′x < 0 is expected to have lower flux densities
compared to the case of q′x = 0. This is evident from the
spectrum generated for q′x = −1 (grey dashed curve), and
shown in Fig. 5 for comparison. All the other parameters are
kept the same as that for the solid black curve described in
Sect. 3.2. The turnover frequency in this case νt = 750 MHz,
which is lower than that for q′x = 0.

It is instructive to note the variation in flux densities
across the length of the protostellar jet. For the model pa-
rameters considered above and q′x = −1, we present the total
flux densities as a function of the projected length along the
y-axis and frequency along the x-axis, in Fig. 7 (left). For
this, the jet is divided into segments with width equal to
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the width of the jet at any y and height ∆y = 3 au. The
flux densities from each of these segments is then calculated
separately. The jet spectrum at any arbitrary y can be an-
alyzed by noting the behavior across the frequency axis. l1,
l2 and l3 marked in white represent three different loca-
tions along the jet projected length y. The spectra for the
three different positions are shown in Fig. 7 (right). Blue
and green in Fig. 7 (right) show that for l1 and l2, the to-
tal flux is dominated by free-free emission. Here, the major
contribution of the flux density is from the inner thermal
jet. On the other hand as one moves farther out to larger
y, the flux contribution is dominated by synchrotron (red).
Whether the dominant flux contribution to a spectrum is
from thermal free-free or non-thermal synchrotron emission
can be established from the spectral indices. In the sample
spectra shown in Fig. 7 (right), the optically thin spectral
index along l1 is −0.07 implying dominant thermal free-free
emission, and those along l2 and l3 are −0.40 and −0.60, re-
spectively, upto 100 GHz (νc). From this, we conclude that
non-thermal synchrotron emission is dominant in the higher
frequency range along these two lines-of-sight.

In each of these spectra, one can identify a turnover fre-
quency that corresponds to the combined (free-free and syn-
chrotron) emission of the jet element towards this position
becoming fully optically thin. We observe that this shifts to
lower frequencies as one moves away from the jet base. From
Fig. 7 (left), it can also be seen that the rate of change in
turnover frequency with maximum emission (black) becomes
lower in the synchrotron dominated region of the jet imply-
ing that the synchrotron turnover frequency is less sensitive
to radial variation in parameters such as jet width w(y),
number density n and ionization fraction x as compared to
free-free emission. This is easily understood since we know
that synchrotron and free-free optical depths vary with the
density of electrons as τ syn

ν ∝ nx and τ ff
ν ∝ n2 x2. As we

move outwards to larger y, w(y) increases but n and x de-
crease, thereby exhibiting more influence on the free-free op-
tical depth and hence its turnover frequency. These spectra
clearly exhibit the transition from free-free to synchrotron
dominated flux as one moves from the jet base to the top of
the jet.

5 DEPENDENCE OF RADIO SPECTRUM ON

MODEL PARAMETERS

The dependence of the model spectrum on various parame-
ters is illustrated here, both for (i) free-free emission anal-
ogous to thermal jets, and (ii) a combination of free-free
and synchrotron emission. We characterize the spectrum in
terms of the turnover frequencies. The full spectrum is di-
vided into frequency windows based on the turnover frequen-
cies and the spectral indices are determined accordingly in
these windows.

5.1 Thermal jet

We first consider the cases of a fully thermal jet. For all the
thermal spectra shown in this section, the high frequency
turnover corresponds to the frequency above which r0 be-
comes optically thin and the low frequency turnover corre-
sponds to the frequency below which the emission towards

yLOSmax becomes optically thick. Consider a jet located close
to the YSO at r0 = 50 au with ymax ∼ 1300 au, inclined
at an angle i = 60◦, and located a distance d = 1 kpc.
In this case, we do not include synchrotron emission. We
assume the parameters at r0 as follows: jet opening angle
θ0 = 30◦, ionization fraction x0 = 0.2 and electron temper-
ature T0 = 104 K. The remaining parameters are ε = 1,
the power-law indices of radial ionization fraction profile
qx = −0.5, and lateral ionization fraction profile q′x = −1.
Fig. 8 (a) shows the spectrum of this knot for various number
densities n0 at r0, assuming qn = −2 (Case I). An increase
in n0 would lead to an overall increase in the number of
particles contributing to the emission and consequently, the
flux densities would increase. It can be seen from the figure
that with an increase in number density by a certain factor,
the flux density increases roughly by the same factor. It is
instructive to compare our results with the predictions of
the analytical Reynolds model, although the latter makes
geometrical approximations and does not consider lateral
variation in ionization fraction. We emphasize that the ab-
solute values of flux densities in our model are expected
to be different from that of Reynolds due to these gener-
alizations. The flux densities estimated from our model are
about 65− 86% lower than the values from the correspond-
ing Reynolds model. This can be attributed to contributions
from (i) optical depth generalization, (ii) geometrical gen-
eralization that includes the (a) jet cross-section and (b)
opening angle generalization, and (iii) introduction of lat-
eral variation in ionization fraction. We find that a flux dif-
ference of about 24-32% can be accounted due to (i) and
(ii), while the rest is attributed to (iii). Of the 24-32% flux
difference, ∼ 8 − 12% is due to the effect of intermediate
optical depths, about 7-9% is due to opening angle gener-
alization, and ∼ 9 − 12% is due to the modification of the
jet cross-section (from rectangular cross-section in Reynolds
model to circular cross-section in our model). If we consider
a relatively low frequency of 270 MHz (arbitrary), the ratio
of flux densities for n0 = 107, 5 × 107 and 108 cm−3 with
respect to n0 = 106 cm−3 are 13, 62 and 115 in our model.
According to the Reynolds model the flux densities are di-
rectly proportional to n0, and hence the corresponding ratios
are 10, 50 and 100. This implies the agreement between the
two models at low frequencies. In Fig. 8(a), we also note that
as the number density increases, both the high and low fre-
quency turnovers shift to higher values. With an increase in
the number density of the particles contributing to the emis-
sion, the overall optical depth within the jet increases. As a
result of this, the farther region of the jet with the largest
LOS distance (that determines the low frequency turnover)
will remain optically thick even at higher frequencies com-
pared to the cases with lower number densities. Similarly,
r0 remains optically thick upto higher frequencies thereby
resulting in an increase in the high frequency turnover. The
Reynolds model predicts that the transition to a fully opti-
cally thin jet (high frequency turnover) is dependent on n0

as n2/2.1
0 . This means that a variation of n0 by a factor of

10 should result in a variation of turnover frequency by a
factor of ∼ 9. The corresponding factor obtained from our
model is ∼ 10. The dependence of turnover frequencies on
n0 can be observed from Table 1 (Case I).

In Fig. 8 (b), we demonstrate the effect of varying qn
on the spectral properties for n0 = 5× 107 cm−3 (Case II).
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Figure 8. Dependence of the radio spectrum of a fully thermal jet on (a) n0 (cm−3), (b) qn, and (c) r0 (au). Other than the parameter
which is varied in each case, the remaining jet parameters are r0 = 50 au, n0 = 5 × 107 cm−3, θ0 = 30◦, x0 = 0.2, T0 = 104 K, qn =
-2, qx = -0.5, q′x = -1, ε = 1, ymax ∼ 1300 au, i = 60◦ and d = 1 kpc. The details of the spectra shown in (a), (b) and (c) are listed in
Table 1 as Cases I, II and III, respectively.

The remaining parameters are the same as Case I. The fig-
ure shows that the flux densities decrease with an increase
in |qn|. This is because a larger |qn| results in a lower num-
ber density of electrons as we move away from r0 that con-
tribute to the overall flux. To understand this better, we
take the ratio of flux densities between qn = -2 and -2.5 at
a frequency of 500 MHz suitable for comparison with the
Reynolds model. The ratio is 2.6 for our model and the cor-
responding ratio for Reynolds model is 2.9. The values are
similar, but not identical. The difference can be attributed
to geometrical generalization and lateral variation of ioniza-
tion fraction included in our model. In the figure, the spec-
tral indices in the frequency range between the two turnover
frequencies are 0.36, 0.81 and 1.04 for qn = -1, -2 and -
2.5, respectively. This implies that a larger |qn| results in
a steeper spectrum. This is because an increase in |qn| re-
sults in a larger decline in overall jet density. As number
density decreases, the portion of the jet that is optically
thick gradually reduces and as a result, the flux contribu-
tion from optically thick region will be lower resulting in
a steeper spectral index. The spectral indices and turnover
frequencies corresponding to these plots are listed as Case II
in Table 1.

In this context, we consider the case of varying
r0 (Case III). Fig. 8 (c) shows the dependence of the spec-
trum on the parameter r0 for a constant n0 = 5×107 cm−3.
The remaining parameters are the same as Case I. It is to be
noted that this case represents spectra of different jets with
different number densities although n0 at r0 for each jet is
the same. This implies that a jet with larger r0 has a higher
number density at any radial length r as compared to the
number density of a jet with a lower r0. This means that the
number density at each r that is contributing to the emis-
sion will be different for each jet since the number densities
are scaled by the factor

(

r
r0

)qn . This produces an indirect
effect on the observed spectrum as r0 is varied. To under-
stand this in detail, we consider Eq. (16) of the Reynolds
model which states that the flux densities are proportional
to r2.50 for the assumed parameters. We again select a low

frequency for comparison with the Reynolds model. At a
frequency of 600 MHz, the ratio of flux densities for the
cases of r0 = 50 and 100 au with respect to r0 = 10 au as
obtained from the our model are 54 and 259, respectively,
whereas the corresponding values predicted by the Reynolds
model are 55 and 316. This conveys the agreement between
the two models. For r0 = 500 au, a comparison with the
Reynolds model is difficult since this spectrum is dominated
by fully optically thick and fully optically thin regimes only,
without a perceptible intermediate regime. This is because
in this case, r0 and rmax are rather close, so that the low
and high frequency turnovers are quite similar. We again
find that for these parameters, our model flux densities are
lower by 67−86% as compared to the Reynolds model across
the spectrum and we attribute this difference to the effect of
geometrical generalization and introduction of lateral varia-
tion in ionization fraction. The turnover frequencies for this
case are given in Table 1 (Case III).

Fig. 9 (a) displays the jet spectra for different ionization
fractions x0 at r0 (Case IV). The jet parameters are n0 = 5×
107 cm−3 and the remaining parameters are same as that of
Case I. Since x0 determines the ionized fraction of particles
in the jet material that contribute to the emission, the flux
densities increase with increase in x0 as shown in the figure.
The same reasoning is applicable to an increase in turnover
frequencies with increase in x0. We note that the Reynolds
model predicts that the transition to a fully optically thin
jet (high frequency turnover) is dependent on x0 as x2/2.1

0

suggesting an increase in turnover frequency with x0. The
spectral indices and turnover frequencies corresponding to
the case explored here are listed as Case IV in Table 1.

In Fig. 9 (b), (c) and (d), we have shown the depen-
dence of the spectrum on the power-law indices qx, q

′

x and
a combination of ε and qn (Cases V, VI and VII, respec-
tively). The jet parameters are n0 = 5 × 107 cm−3 and the
remaining parameters other than the ones varied here are
same as Case I. From the plots, it is evident that flux den-
sities decrease with increase in the value of |qx| and |q′x| as
this results in the lowering of the number density of par-
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Figure 9. Dependence of the radio spectrum of a fully thermal jet
on (a) x0, (b) qx, (c) q′x, (d) combination of ε and qn. The parameters
other than the ones varied here are same as that of Fig. 8. The details
of the spectra shown in (a), (b), (c) and (d) are listed in Table 1 as
Cases IV, V, VI and VII, respectively.

ticles that are contributing to the emission. The opposite
is true for ε. To understand this better, we first consider
the case of varying qx. For this, we choose an arbitrary fre-
quency of 1.5 GHz where our model is comparable with that
of Reynolds. At this frequency, the ratio of flux densities for
the Reynolds model between qx = 0 and qx = −0.5 is 3.6,
whereas for our model the corresponding ratio is 3.3. This
shows the agreement with the model of Reynolds at low
frequency. The influence of q′x on the spectrum, shown in
Fig. 9(c), is expected to be such that the regions of the jet
farther away from the axis will have lower number density of
particles contributing to the emission, thereby reducing the
overall flux density. The spectra agree with this prediction.
The next power-law index that we are interested in study-
ing is ε which plays a role in deciding the jet geometry. In
Fig. 9 (d), the red, blue and green curves represent a case of
constant qn but varying ε. The observed trend implies that
the flux densities increase with an increase in the value of
ε due to the jet becoming wider, and therefore assimilating
more material that can contribute to the overall emission.
At a frequency of 500 MHz, the ratio of flux densities for ε
= 1 and 3/4 with respect to ε = 2/3 are 2.5 and 1.2, respec-
tively. The corresponding values for Reynolds model are 2.9
and 1.3, respectively.

Additionally, we have included a scenario in which both
ε and qn are varied (black curve) in Fig. 9 (d). A comparison
with the other combinations in the figure shows that the low
frequency turnover in this case occurs at a higher frequency

Figure 10. Evolution of the radio spectrum of a knot with in-
ner thermal region and outer non-thermal shell as a function of
relativistic electron fraction (ηrele ). The jet number density at r0
is n0 = 108 cm−3, ε = 1, qn = −2, and the remaining parame-
ters of the thermal emission are same as those that remain fixed
in the plots shown in Fig. 8. The parameters of the non-thermal
emission are p = 2.3, δθ = 0.5◦ and B0 = 0.3 mG. The details of
the spectra are listed in Table 1 as case VIII.

while the high frequency turnover is similar to the other
cases. From the red, blue and green curves in this figure, we
note that increasing ε leads to an increase in flux densities,
while for |qn| the effect is opposite (see Case II). In Case II,
the flux densities at low frequencies where the full jet is
optically thick do not vary significantly with a change in qn,
but vary considerably at high frequencies. Varying ε and qn
simultaneously (black curve versus the others), the effect of
varying qn is minimal and the ε factor appears to dominate
at low frequencies as a wider jet contributes to larger flux
densities. At higher frequencies, a narrower jet with a flatter
qn profile contributes to higher flux densities than a wider
jet with similar or larger value of |qn| suggesting that qn
appears to be the dominant parameter compared to ε here.
The spectral indices and the associated turnover frequencies
are listed in Table. 1 as Case V, VI and VII are listed in
Table 1.

5.2 Jet with combination of thermal and

non-thermal emission

As we move farther away from the central YSO, the densi-
ties are expected to decrease thereby reducing the thermal
contribution in the jet spectrum, and resulting in the in-
creased contribution of non-thermal emission. To describe
this evolution, we have considered a jet with parameters
r0 = 50 au, ymax = 1300 au, n0 = 108 cm−3, qn = −2,
θ0 = 30◦, ε = 1, i = 60◦, x0 = 0.2, qx = −0.5, q′x = −1,
T0 = 104 K at a distance d = 1 kpc. We have included
the effects of synchrotron emission in the outer edges of the
jet with an angular thickness of δθ = 0.5◦. The values of
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Table 1. Turnover frequencies and associated spectral indices for fully thermal jet close to the YSO, and knots emitting combined
thermal and non-thermal emission located farther away from the exciting YSO. The corresponding spectra are plotted in Figs 8, 9, 10
and 11.

THERMAL FREE-FREE EMISSION

Variable Parameter Value Turnover frequencies (GHz) Spectral indices

Case I [Fig. 8(a)]

n0
106 0.76 0.80; -0.09
107 0.04; 6.87 1.30; 0.83; -0.09

(cm−3) 5× 107 0.18; 31.17 1.57; 0.83; -0.06
108 0.35; 60.59 1.65; 0.84; -0.04

Case II [Fig. 8(b)]

qn

-1 1.67; 32.70 1.86; 0.36; -0.08
-2 0.18; 31.17 1.57; 0.83; -0.06
-2.5 0.03; 30.58 1.43; 1.04; -0.06

Case III [Fig. 8(c)]

r0
10 14.92 0.88; -0.07
50 0.18; 31.17 1.57; 0.83; -0.06

(au) 100 0.86; 45.52 1.72; 0.76; -0.06
500 101.35 1.71; -0.01

Case IV [Fig. 9(a)]

x0

0.02 3.61 0.89; -0.08
0.2 0.18; 31.17 1.57; 0.83; -0.06
1 0.84; 146.27 1.71; 0.83; -0.01

Case V [Fig. 9(b)]

qx
0 1.81; 31.79 1.57; 0.49; -0.07

-0.5 0.18; 31.17 1.57; 0.83; -0.06

Case VI [Fig. 9(c)]

q′x

-0.5 0.23; 38.18 1.64; 0.85; -0.06
-1 0.18; 31.17 1.57; 0.83; -0.06
-4 0.09; 18.73 1.44; 0.82; -0.07

Case VII [Fig. 9(d)]

ε, qn

2/3, -2 0.07; 30.87 1.70; 1.05; -0.06
3/4, -2 0.08; 30.87 1.68; 0.99; -0.06
1, -2 0.18; 31.17 1.57; 0.83; -0.06

2/3, -4/3 0.69; 31.77 1.78; 0.71; -0.07

THERMAL FREE-FREE AND NON-THERMAL SYNCHROTRON EMISSION

Case VIII [Fig. 10]

ηrele

0 0.10; 95.46 1.82; 0.87; -0.07
10−8 0.16; 95.28 3.14; 0.83; -0.07
10−6 0.36; 95.15 2.55; 0.78; -0.07
10−4 1.92; 85.02 2.44; 0.36; -0.09
10−2 10.69; 100 2.40; -0.43; -0.76

Case IX [Fig. 11(a)]

n0
500 0.29; 100 2.31; -0.63; -1.13
103 0.36; 100 2.26; -0.64; -1.12

(cm−3) 104 0.75; 100 2.36; -0.61; -0.89
105 1.63; 100 2.39; -0.43; -0.35

Case X [Fig. 11(b)]

B0
0.1 0.17; 100 2.20; -0.64; -1.10
0.2 0.24; 100 2.20; -0.64; -1.1

(mG) 0.3 0.29; 100 2.31; -0.63; -1.13

Case XI [Fig. 11(c)]

p

1.8 0.03; 100 1.18; -0.40; -0.90
2.3 0.29; 100 2.31; -0.63; -1.13
2.6 0.90; 100 2.39; -0.77; -1.23

Case XII [Fig. 11(d)]

δθ
0.1 0.17; 100 2.19; -0.63; -1.06
0.5 0.29; 100 2.31; -0.63; -1.13

(◦) 1 0.37; 100 2.26; -0.64; -1.14
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Figure 11. Dependence of the radio spectrum of a knot with inner
thermal region and an outer non-thermal shell on (a) n0 (cm−3),
(b) B0 (mG), (c) p, and (d) δθ(◦). We have used r0 = 3000 au
and ymax ∼ 4500 au. The remaining parameters other than the ones
varied here are same as that of Fig. 8. The parameters of synchrotron
emission are δθ = 0.5◦, p = 2.3 , B0 = 0.3 mG and ηrele = 10−5.
The details of the spectra shown in (a), (b), (c) and (d) are listed in
Table 1 as Cases IX, X, XI and XII, respectively.

parameters related to the synchrotron emission are p = 2.3
and B0 = 0.3 mG. The evolution of jet spectrum from domi-
nating thermal emission to dominating synchrotron emission
is illustrated by varying the parameter ηrel

e (Case VIII). It
can be seen from Fig. 10 that as ηrel

e increases, non-thermal
emission gradually dominates over thermal emission. During
the course of this evolution, we observe a few turnover fre-
quencies relating the optically thick/thin emission from the
thermal/synchrotron mechanisms, as described in Sect.3.2.
The spectral indices and turnover frequencies for this case
are listed in Table 1 as Case VIII.

We next consider the case of a knot located farther away
from the exciting YSO to elucidate the effect of the param-
eters of synchrotron mechanism on the jet spectrum. In this
case, we take parameters characteristic of a farther knot with
r0 = 3000 au, ymax ∼ 4500 au, n0 = 500 cm−3, qn = -2,
θ0 = 30◦, ε = 1, i = 60◦, x0 = 0.2, qx = −0.5, q′x = −1,
T0 = 104 K at a distance d = 1 kpc. We take δθ = 0.5◦,
p = 2.3, B0 = 0.3 mG and ηrel

e = 10−5. We first study
the effect of number density on the jet spectrum. This is
shown in Fig. 11 (a) (Case IX). Similar to what was ob-
served in the thermal jet case, with an increase in n0 at r0,
we find that the flux densities increase, due to increase in
the number density of particles contributing to the overall
emission. We also note that with a decrease in n0 (i) the

Figure 12. Radio spectrum of (a) a fully thermal jet, and (b) a
jet with with inner thermal region and an outer non-thermal shell,
showing emissions from three different regions of equal volume along
the jet length. The inclination angle of the jets are i = 90◦. The
remaining parameters of the jets in (a) and (b) are listed in the text
where this is discussed. The details of the spectra shown in (a) and
(b) are listed in Table 2 as Cases XIII and XIV, respectively.

low frequency turnovers shift to lower values due to the jet
becoming more optically thin overall, and (ii) the optically
thin spectral index becomes steeper due to the gradual dom-
ination of synchrotron emission over thermal emission. Note
that the variation of flux density with number density is not
the same in the two cases; it varies as n2

0 and n0 for ther-
mal and non-thermal emission, respectively. The details of
the spectra are listed in Table 1. The other panels of the
figure encapsulate the effect of the synchrotron parameters
B0 (Case X), p (Case XI) and δθ (Case XII) on the spec-
trum of the knot. From the figure it is observed that, the
flux densities increase with increase in the values of B0 and
δθ. The strength of B0 determines the degree of acceleration
imparted to the electrons through the Lorentz force. This in
turn dictates the amount of energy delivered to them which
will eventually be emitted in the form of synchrotron ra-
diation. Likewise, an increase in δθ implies an increase in
the angular thickness of the region from which synchrotron
emission arises, thereby contributing to higher synchrotron
flux densities. On the contrary, an increase in p leads to a
reduction in flux densities, and the optically thin spectral
index is strongly dependent on the value of p. This is be-
cause as p increases, the number of electrons in the higher
energy regime decreases, thereby lowering the corresponding
emission by these electrons. The plots shown in the figure
support the above arguments. The spectral index values and
turnover frequencies are listed in Table 1 as Case IX, X, XI
and XII.

5.3 Emission across the jet length

To understand the relative contributions of different regions
within the jet to the overall spectrum, we divide the jet into
three regions of equal volume along its length. For simplicity,
we assume the jet to be in the plane of the sky i.e with an
inclination angle i = 90◦. The first region which we consider
is close to the injection radius where the number densities
and optical depths are very high. We then take the inter-
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Table 2. Turnover frequencies and associated spectral indices for fully thermal jet close to the YSO, and a jet emitting combined thermal
and non-thermal emission located farther away from the exciting YSO, i.e. Cases XIII and XIV. The corresponding spectra are plotted
in Fig. 12.

THERMAL FREE-FREE EMISSION

Case XIII [Fig. 12(a)]

Jet region Turnover frequencies (GHz) Spectral indices

Close to YSO 0.23; 46.03 1.91; 0.81; -0.08
Intermediate distance from YSO 0.44 1.29; -0.09
Farther from YSO 0.31 1.24; -0.09

THERMAL FREE-FREE AND NON-THERMAL SYNCHROTRON EMISSION

Case XIV [Fig. 12(b)]

Close to YSO 0.48 1.81; -0.17
Intermediate distance from YSO 0.20; 100.00 1.90; -0.62; -0.83
Farther from YSO 0.19; 0.83; 100.00 2.01; −∗; -0.64; -1.14

∗ The spectral index is not well-defined in this region due to the close proximity of two turnover frequencies.

mediate and farther regions along the jet length where the
number densities gradually decrease according to the radial
power-law index qn. Fig. 12 (a) displays the spectra of the
three regions in the case of a fully thermal jet with param-
eters r0 = 50 au, θ0 = 30◦, n0 = 5 × 107 cm−3, qn = −2,
x0 = 0.2, qx = −0.5, q′x = −1, T0 = 104 K, qT = 0, ε = 1 and
ymax = 700 au at a distance d = 1 kpc (Case XIII). For this
fully thermal jet, the region close to the YSO being highly
optically thick, displays two turnover frequencies in the fre-
quency window of interest. On the other hand, as we move
farther away, due to decrease in number density and optical
depth, both the turnover frequencies shift to lower values.
In both the cases, the low frequency turnover goes below the
frequency range displayed and the total flux contributions
also reduce. The spectral indices and turnover frequencies
associated with this case are listed in Table 2 as Case XIII.

We next consider a jet that includes a combination of
thermal and non-thermal emission and Fig. 12 (b) shows
the spectra of the three regions of the jet (Case XIV). In
this case, we assume a jet located at r0 = 100 au and
ymax = 450 au with a density n0 = 106 cm−3 and the re-
maining parameters are the same as that of Case XIII. This
jet includes shocked edges of thickness δθ = 0.5◦, where
the parameters for synchrotron emission are B0 = 0.3 mG,
ηrel = 10−5 and p = 2.3. It is evident from the figure
that the region close to the YSO is dominated by thermal
free-free emission, the intermediate region shows competing
contributions from both thermal and non-thermal mecha-
nisms while the farthest region in the jet shows dominant
non-thermal emission. As we move from the region close to
the YSO to the intermediate region, the number density
declines and this manifests as a decrease in flux densities
and turnover frequencies. This can be seen from the figure.
In both these regions, the contribution to synchrotron
emission arises from the shocked regions at lateral edges of
the jet. On the other hand, in the region of the jet farthest
from the central YSO, apart from the lateral edges, there
is an additional contribution of synchrotron emission from
the top terminal edge. As a result, the flux densities and
turnover frequencies increase compared to the intermediate
region of the jet. The figure emulates this behaviour. The
spectral indices and turnover frequencies associated with

this case are listed in Table 2 as Case XIV.

Thus, we have explored the effect of various model pa-
rameters on the radio spectra of jets. This is aimed at achiev-
ing a better understanding of the behavior of the jet model in
different plausible scenarios. Such a characterization would
enable the application of the model to observations of vari-
ous jets to derive fundamental parameters that are unlikely
to be obtained directly from observations. In this context,
the two-fold application of the model as mentioned in Sect. 2
will aid the study jets/knots which are both close and far
away from the exciting YSO.

6 SUMMARY

Protostellar jets are ejected during the accretion phase of the
formation of a star, and are highly collimated. Observations
indicate that jets could manifest in the form of knots. In
general, the observed radio spectrum of these knots can be
explained as a combination of thermal (free-free) and non-
thermal (synchrotron) emission processes. The most widely
employed model for thermal jets is the Reynolds model
which utilizes the small opening angle approximation and
calculates the spectral index of a standard conical jet for
which a part of the jet is optically thick and part is op-
tically thin, to be +0.6. This model also computes other
cases of jet spectral indices with power-law profiles for den-
sity, temperature, ionization fraction and opening angle. In
our model, we have introduced a wide-angle geometry and a
generalized optical depth compared to the Reynolds model.
There are a few additional features, the most important be-
ing the synchrotron generation in the shocks formed at the
jet lateral edges where the relativistic population of electrons
contributes to synchrotron and the non-relativistic popula-
tion contributes to free-free emission. Along with the radial
decrease in ionization fraction, we have also introduced a
decrease of ionization fraction laterally across the jet cross-
section. We have explored the change in turnover frequencies
and spectral indices associated with them for variations in
different physical parameters of the radio jet.
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APPENDIX A: JET GEOMETRY FOR

VARYING OPENING ANGLE

Fig. A1 shows the schematic diagram of a jet with varying
opening angle for collimated case of ε < 1, and represented
here is the LOS passing through the long axis of the jet at
an arbitrary projected length y. Owing to the inclination
with respect to the plane of the sky, for any jet with ε *= 1,
the opening angle corresponding to the front and rear edges
of the jet will be different. As evident from the figure, the
opening angles where the LOS crosses the front and rear
edges of the jet are θ1

2 and θ2
2 , respectively. θ1 is smaller

and θ2 is larger than θ. In order to calculate the two open-
ing angles we first look into the geometry of the jet. In the
figure, the base of the jet is represented by A, while B and
D represents the intersection of LOS with the long axis and
front edge of the jet, respectively. C is the base of the per-
pendicular from D to the axis and the arc DE represents all
the elements within the jet located at the same radial dis-
tance from the central source. For any y, we define yC and
y′ as the projected length of AC and AE on the sky plane,
respectively. From Eqn. (4), we know that any arbitrary y′

can be written as,

y′ = y

[

tan(θ1/2)
tan(θ/2)

]1/ε− 1

(A1)

Similar to yC and y′, yF and y” are defined for the rear edge
of the jet. From the triangles ABD and CBD, it is clear that
the side BD (=s1) can be evaluated separately and then
equated to obtain θ1 as follows.
[(

tan(θ1/2)
tan(θ/2)

)1/ε− 1

− 1

]

− sin(θ1/2)
sin(i− θ1/2)

cos(i) = 0 (A2)

Similar calculations for the rear half of the jet using triangles
ABG and FBG, and equating BG (=s2) gives θ2 as follows.
[

1−
(

tan(θ2/2)
tan(θ/2)

)1/ε− 1]

− sin(θ2/2)
sin(i− θ2/2)

cos(i) = 0 (A3)

With the knowledge of the opening angles, the inclined
widths of the front and behind half of the jet, s1 and s2
can be calculated in the following way.

s1 =
y sin(θ1/2)

sin(i− θ1/2) sin(i)
(A4)

s2 =
y sin(θ2/2)

sin(i+ θ2/2) sin(i)
(A5)

APPENDIX B: CALCULATION OF

SYNCHROTRON SPECTRUM

The source function and optical depth at the synchrotron
characteristic frequency νpk are,

Iνpk =
jνpk
ανpk

τνpk =
∫

S

0
ανpkds

where S represents the LOS through the jet cross-section.
The flux density at any observing frequency ν is given by,

For ν ≤ νc :

i i- 1/2

To observer

y

yC

yF

1/22/2

s1
s2

A

B

C

D
G

F

(ya-y)/sin i

(y-yb)/sin i

E y'

y''

Figure A1. Schematic diagram of a jet for which the opening
angle decreases with y (ε < 1). Shown here is a LOS at y passing
through the main axis of the jet. Here θ1

2 and θ2
2 are the opening

angles corresponding to the jet front and rear edges, respectively.

τν = τνpk

(

ν
νpk

)

−(p+4)/2

Sν =

∫ ymax

y0

∫ w(y)

0

2 dw dy
d2

Iνpk ( ν
νpk

)5/2 (1 - e−τν )

For ν > νc :

τν = τνpk

(

νc
νpk

)

−(p+4)/2 (

ν
νc

)

−(p+5)/2

Sν =

∫ ymax

y0

∫ w(y)

0

2 dw dy
d2

Iνpk ( ν
νpk

)5/2 (1 - e−τν )

APPENDIX C: CALCULATION OF FLUX

DENSITY FROM AN ARBITRARY LOS

For an elemental material located in the shocked region at
a distance s along any LOS having a number density n, ion-
ization fraction x and fraction of relativistic electrons ηrel

e ,
the number density of electrons capable of emitting free-free
radiation are given by,

nff = nx (1− ηrel
e )

= n0 x0

(

y′

y0

)qn (

y′

y0

)qx [

w(y′)− w′(y′)
w(y′)

]q′x

(1− ηrel
e )

(C1)

On the other hand, the number density of electrons capable
of emitting synchrotron are given by,

nsyn = nx ηrel
e

= n0 x0

(

y′

y0

)qn (

y′

y0

)qx [

w(y′)− w′(y′)
w(y′)

]q′x

ηrel
e

(C2)

Note that the number density of free-free emitters from
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Figure C1. Side view of the jet, inclined at an angle i, slightly
offset from the direction of the observer aligned at a length y on
the main axis. An arbitrary LOS located at v′ from the main
axis along the sky plane is shown. The grey region represents the
front half of the jet cross-section where the plane containing all
the LOSs at y cuts the jet. The blue lines (solid and dashed) are
located above the LOS plane. yC is the projected length corre-
sponding to the radial distance from ra = 0 along the jet axis
upto C. s and s1(v′,y) are the variable along the LOS and the
full LOS distance for the front half of the jet at v′, respectively.

the fully thermal jet would correspond to ηrel
e = 0 in

Eqn. (C1). From Eqns. (6), (7), (13) and (14) it is clear that
for the shocked region, jff+syn

ν = Aν,1(n
ff )2+Aν,2n

syn and
αff+syn
ν = Bν,1(nff )2+Bν,2nsyn, where Aν,1, Bν,1 and Aν,2,

Bν,2 are constants associated with free-free and synchrotron
mechanisms whereas for the case of a thermal jet both jffν

and αff
ν are ∝ (nff )2. This means that the source function

for the shocked region will be different for any elemental
material at different locations within the jet volume. Hence
we need to proceed by finding the quantities which are re-
quired to calculate the flux from any elemental material at
an arbitrary location within the jet.

It is evident from Eqns. (C1) and (C2) that for any
element of material located at a distance s along a LOS,
the knowledge of y′, w(y′) and w′(y′) corresponding to its
location are required to calculate its flux contribution. These
elemental contributions can then be integrated first along
each LOS, then the width and finally over the projected
length to get the overall flux from the jet. Consider a jet
as shown in Fig. C1 with a constant opening angle (ε =
1) whose main axis is &a and the observer is located at a
projected distance y on the axis. Assume the plane formed
by all the LOSs at y which chops the jet at y, to be the LOS
plane. The front half of this cross-section is represented as
grey and all the regions above the LOS plane are represented
as blue lines in the figure. Let us begin by assuming an
arbitrary LOS in the LOS plane at a distance of v′ from the
main axis such that v′ ranges from 0 to w(y) on either side of
the axis. Note that v′ is the distance measured in the plane
of the sky on either side of the axis, so the limits are slightly

different for the top portion of the jet, where the curved
edges of the jet dictate the projected width of the jet. Since
the remaining calculations are the same, we do not consider
the top portion for now. We know that the actual half-width
corresponding to y is w(y). This is the half-width of the jet
at y when it is not inclined. The half-width of the jet at v′

is the half-chord at distance v′ from the axis given by,

w(v′, y) =
√

w(y)2 − v′2 (C3)

Using the relationship shown in Eqn. (10), the actual half
width w(v′, y) can be used to calculate the projected widths
on the front side and back side of the jet at v′ as,

s1(v
′, y) = w(v′, y)

cos (θ/2)
sin (i− θ/2)

(C4)

s2(v
′, y) = w(v′, y)

cos (θ/2)
sin (i+ θ/2)

(C5)

Next, assume an elemental material located at A on the
LOS at an arbitrary distance s from the jet edge such that s
can vary from 0 to s1(v

′, y). Here s = s1(v
′, y) corresponds

to the point marked B in Fig. C1. In order to make the
calculations simpler we project the axis &a, into the plane
containing the points A, B and D, as axis &a′. AC and AD
represent the distance of A from &a and &a′, respectively, where
C and D are separated by a distance of v′. The projected
length of the jet axis upto C (yC) can be calculated as,

yC − y = (s1(v
′, y) − s) cos(i) sin(i)

⇒ yC = y + (s1(v
′, y) − s) cos(i) sin(i)

(C6)

The distance of A from the axis, w′(s, v′, y) (≡ AC) can
be calculated from the geometry as,

w′(s, v′, y) =
√

((s1(v′, y) − s) sin(i))2 + v′2 (C7)

From Eqns C6 and C7, the projected length of the jet
corresponding to A can be calculated as,

y′ =
√

y2
C + [w′(s, v′, y) sin(i)]2 (C8)

Similar calculations can be done for the behind half
of the jet. These quantities can then be substituted in
Eqns. (C1) and (C2) to find the number density of the elec-
trons emitting the radiation. This helps in calculating the
emission, absorption coefficients and optical depth which are
required to obtain its flux contribution. Hence, the total ra-
diation intensity for any LOS at v′ can be calculated as
(similar to Eqn. (21)),

Iν(v
′, y) = Iν,R1(v

′, y) e−(τff
ν,R2

(v′,y)+ τff+syn
ν,R3

(v′,y))

+ Iν,R2(v
′, y) e−τff+syn

ν,R3
(v′,y) + Iν,R3(v

′, y)
(C9)

For a jet with varying opening angle (ε < 1), the above
calculations are similar except that for a given LOS, the
opening angle corresponding to the front edge and the be-
hind edge will be different as described in Appendix A, hence
s1(v

′, y) and s2(v
′, y) are given by the Eqns. (A4) and (A5).

This is extended to the top portion of the jet, from
yLOSmax to ymax, with appropriate limits for v′ obtained
from the geometrical calculations. Here, s1 and s2 are rep-
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resented as stop1 and stop2 , respectively. These are given by
the following equations.

stop1 (v′, y) =
(Yjet − y)
sin(i) cos(i)

stop2 (v′, y) = s2(v
′, y)











yLOSmax ≤ y < Yjet (C10)

stop1 (v′, y) = 0

stop2 (v′, y) = s2(v
′, y)− (y − Yjet)

sin(i) cos(i)











Yjet ≤ y < ymax

(C11)

We use these values to integrate the intensity along ev-
ery LOS in the top portion.
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